


















$SL(n, \mathbb{R}),$ $sp(\uparrow l, \mathbb{R})$ $SU(p, q)$
2
$SU(2,2)=\{g\in SL(4, \mathbb{Q}|g^{*}I_{2,2g}=I_{2,2}\},$ $I_{2,2}=$
$Sp(2, \mathbb{R})=\{g\in SL(4, \mathbb{R})|{}^{t}gJg=J\}$ , $J=J_{2}=$
Part I – Part II $G=SU(2,2)$
Part II
[redbook], [greenbook], [darkgreenbook] [Warner]
( 45.
6.2. ) $\circ$
Part I. Harish-Chandra standard ( )
1. $\mathrm{L}\mathrm{a}\mathrm{n}\mathrm{g}\mathrm{l}\mathrm{a}\mathrm{n}\mathrm{d}_{\mathrm{S}}$ ( $-\mathrm{K}\mathrm{n}\mathrm{a}\mathrm{p}\mathrm{p}$-Zuckerman) classification
(induced $\mathrm{r}\mathrm{e}\mathrm{p}\mathrm{r}\mathrm{e}\mathrm{S}\mathrm{e}\mathrm{n}\mathrm{t}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}$)
– (induction)
$P\subset C_{7}$ $P=MAN$ Langlands ( $1^{\mathrm{r}\mathrm{e}}\mathrm{d}\mathrm{b}\mathrm{o}\mathrm{o}\mathrm{k},$ \S V.5]
) $M$ $A$ $N$
Example 1.1. $G=Sp(\mathit{2}, \mathbb{R})$
$P–\{g\in C_{7}|g=($ $0_{2}^{*}$. $**$ ) $\}$
909 1995 1-40 1
$P$ 1 Langlands
$M=\{|A\in sL^{\pm}(2, \mathbb{R})\}\simeq SL^{\pm}(2, \mathbb{R})$ ,
$A=[|a\in \mathbb{R}_{+}^{\cross}|\simeq \mathbb{R}_{+}^{\cross},$ $N=[$ ( $1_{2}$ $1_{2}^{*})\in G$
$(\sigma, V_{\sigma})$ $M$ $e^{\nu}(\nu\in$ a(C=( )) $A$
– $e^{\rho(\log)}a=\sqrt{\det}$Acl $a|_{\mathfrak{n}}(a\in A)$ $0$
$(\pi, V)=\mathrm{I}\mathrm{n}\mathrm{d}_{P}^{G}\sigma\otimes e^{\nu}\otimes 1_{N}$
$V=$ { $f$ : $Garrow V_{\sigma}|f|_{I_{1}}’\in L^{2}(I\mathrm{i}^{r},$ $V\sigma),$ $f(grncl)=\sigma(7n)^{-}1-e(_{\mathcal{U}+}\rho)(\log a)f(g)$ $(ma\uparrow\in$ MAN)}
$\pi(g_{0})f(g)=f(g^{-}0g)1$ (go, $g\in c_{7}$ )
$(\pi, V)$ $V$ $V_{\sigma}$
$I\mathrm{i}$’ $L^{2}$ $e^{\nu}$
$\nu\in\sqrt{-1}a’$ $(\pi, V)$ 2 $\nu\in\sqrt{-1}a’$
$a’$ $a$
$P$-adic group cuspidal parabolic induction
real group admissible
(Subrepresentation Theorem
[Harish-Chandra 54], $[\mathrm{c}_{\mathrm{a}\mathrm{s}\mathrm{s}}^{\mathrm{t}}\mathrm{e}\mathrm{l}\mathrm{m}\mathrm{a}\mathrm{n}- \mathrm{M}\mathrm{i}\mathrm{l}\mathrm{i}\check{\mathrm{C}}.\mathrm{i}\acute{\mathrm{C}}])$
$=$( $(\mathrm{D}\mathrm{S}=\mathrm{d}\mathrm{i}\mathrm{s}\mathrm{c}\Gamma \mathrm{e}\mathrm{t}\mathrm{e}$ series))$(\mathrm{D}\mathrm{S})$ $L^{2}(C\tau)$
$L^{2}(C_{\tau})$ ([$\mathrm{r}\mathrm{e}\mathrm{d}\mathrm{b}_{0}\mathrm{o}\mathrm{k}$, Chapter
$\mathrm{I}\mathrm{X}])$ Lie
3 limits of discrete series (LDS) LDS
tempered admissible LDS –
DS( ) LDS –
1 Siegel parabolic $\{\supset$
2 $e^{l\ovalbox{\tt\small REJECT}}$ $(\pi, V)$ (
)
Zuckerman translation functor regular infinitesimal character $\mathrm{s}\mathrm{i}\mathrm{n}\mathrm{g}\mathrm{u}\mathrm{l}\mathrm{a}\mathrm{r}$
infinitesimal character $([\mathrm{Z}\mathrm{u}\mathrm{C}\mathrm{k}\mathrm{e}\Gamma \mathrm{m}\mathrm{a}\mathrm{n}])_{\circ}$
2
Definition 12. $C_{7}$ ( ) $G$
$\hat{C_{\tau \text{ }} }$
$\hat{C\tau}\mathrm{a}\mathrm{d}_{\ln}$
$=$ ( adlnissible )
$\hat{C\tau}_{\mathrm{t}}\mathrm{t}$
$=$ ( unitary )
$\hat{C\tau}\mathrm{t}\mathrm{e}\mathrm{n}\mathrm{l}\mathrm{P}$ $=$ ( tempered )






([Bernstein]) LDS ’ ..
Theorem 1.3. (Knapp-Zuckerman [Knapp-Zuckerman], [redbook, Theorem
1491]) $\forall\pi\in C\tau \mathrm{t}\mathrm{e}\mathrm{m}\mathrm{p}$
$\exists P\subset C_{\tau}$ : , $P=MAN$ : Langlands ,
$\exists\sigma\in\overline{M}_{\mathrm{L}\mathrm{D}\mathrm{S}}$ , $\exists\nu\in a’$
$\pi=\mathrm{I}\mathrm{n}\mathrm{d}_{P}^{G}(\sigma\otimes e^{\sqrt{-1}\nu}\otimes 1_{N})$ –
Theorem 1.4. (Langlands [Langlands, Lemmas 3.14&4.2], [redbook, Theorem
8.54]) $\forall\pi\in c_{\tau_{\mathrm{a}\mathrm{d}\mathrm{m}}}$
$\exists P\subset G$ : , $P=MAN$ : Langlands ,
$\exists\xi\in\overline{M}_{\mathrm{t}\mathrm{e}\mathrm{m}\mathrm{p}}$ , $\exists\nu\in a_{\mathbb{C}}^{*}$ : strictly N-positive5
$\pi$ $\mathrm{I}\mathrm{n}\mathrm{d}_{P}^{G}(\xi\otimes e^{\nu}\otimes 1_{N})$ – $J(P;\xi, \nu)$ : $\pi\simeq$
$J(P;\xi, |\text{ })$ . –
I napp-Zuckerman $\xi\in\overline{\Lambda’I}_{\mathrm{t}\mathrm{e}\mathrm{m}\mathrm{p}}$ $M$
LDS
4 $G$ Cartan $\hat{G}_{\mathrm{d}\mathrm{i}\mathrm{S}\mathrm{c}}\neq\emptyset$
( $\mathrm{H}\mathrm{a}1^{\cdot}\mathrm{i}_{\mathrm{S}}]1^{-\mathrm{C}\mathrm{h}}\mathrm{a}\mathrm{n}\mathrm{d}\mathrm{l}\mathrm{a}$ [redbook, Theorem 1220] ) $-\vee$ $G’$
$\hat{G_{\mathrm{L}\mathrm{D}\mathrm{S}}’}=\hat{G^{1}}_{\mathrm{d}\mathrm{i}\mathrm{S}\mathrm{c}}$
$\hat{G’}_{\mathrm{t}\mathrm{p}}\mathrm{e}\mathrm{m}\neq\emptyset$
$5{\rm Re}\nu$ open Weyl chamber
3
Theorem 1.5. (revised Langlands classification [redbook, Theorem 14.92])
$\forall\pi\in C\tau \mathrm{a}\mathrm{d}\mathrm{m}$
$\exists P\subset C_{7}$ : , $P=MAN$ : Langlands ,
$\exists\sigma\in\overline{\overline{M}}_{\mathrm{L}\mathrm{D}\mathrm{S}}$ , $\exists\nu\in a_{\mathbb{C}}^{*}$ : N-positive6
$\mathrm{I}\mathrm{n}\mathrm{d}_{P}^{G}(\sigma\circ-\otimes e^{\nu}\otimes 1_{N})$ – $J(P;\sigma, \nu)$ $\pi$ : $\pi\simeq$
$J(P;\sigma, \nu)$ . $(P;\sigma, \nu)$ $\pi\in\hat{C_{\tau_{\mathrm{a}\mathrm{d}\mathrm{m}}}}$ 7
Definition 16. $\mathrm{I}\mathrm{n}\mathrm{d}_{P}^{G}(\sigma\otimes e^{\mathcal{U}}\otimes 1_{N})$ standard




1. $\mathrm{L}\mathrm{a}\mathrm{n}\mathrm{g}\mathrm{l}\mathrm{a}\mathrm{n}\mathrm{d}\mathrm{s}-\mathrm{I}_{\acute{\mathrm{C}}\mathrm{n}}\mathrm{a}1^{)}\mathrm{p}- \mathrm{Z}\mathrm{u}\mathrm{c}1_{\mathrm{c}}\prime \mathrm{e}\mathrm{r}\mathrm{l}\mathrm{n}\mathrm{a}\mathrm{n}$ ( ([redboolc] ))
2. Vogan-Zuckerman minimal $K$-tyPe $([\mathrm{g}\mathrm{r}\mathrm{e}\mathrm{e}\mathrm{n}\mathrm{b}_{\mathrm{o}\mathrm{o}\mathrm{k}}])$




$C_{7}\supset K$ $\theta$ Cartan $\mathrm{g}=\not\in\oplus\epsilon$
Cartan Cartan $\theta$
Example2.1.
$C_{7}=SU(2,2)\supset S(U(2)\cross U(2))=I_{1}^{\nearrow}$ , $\theta(g)=\iota_{\overline{j},C^{-1}}$
$K=G^{\theta}=\{g\in C_{7}|\theta(g)=g\}$ $Sp(2, \mathbb{R})$
$\theta(g)=g\iota-1$ $(g\in Sp(2, \mathbb{R}))$ , $K=C\tau\theta\simeq U(2)$
$\mathrm{b}\subset 9\mathbb{C}$ : Borel ( $\mathrm{g}$ Borel
) $\mathrm{b}$ $C_{7}$ $\exists \mathfrak{h}\subset \mathrm{g}$ : $\theta$- Cartan
$\mathfrak{h}_{\mathbb{C}}\subset \mathrm{b}$ ( $[\mathrm{M}\mathrm{a}\mathrm{t}\mathrm{S}\mathrm{u}\mathrm{k}\mathrm{i}]$ , [greenbook, Proposition 23.4]) $\mathfrak{y}_{\mathrm{c}}$ \theta -
Cartan $H=TA=Z_{G}(\mathfrak{y}C)$ $T$ torus $A$
$T$




Definition 22. A Cartan $H$ – $\Lambda|_{T}$
A $\mathrm{d}\Lambda=\lambda\in$ $\mathbb{C}_{\Lambda}$ A




$V_{[I\mathfrak{i}]}$ $V$ $K$- $(\mathrm{g}_{\mathbb{C}}, K)$- $\Gamma_{T}^{Ii}$’
Zuckerinan $(\Gamma^{I}\tau^{\iota’})^{p}$ ( relative Lie
mlgebra cohomology (cf. [darkgreenbook, Chapter 6], [Schmid 91, $\S 4]$ ) $)_{\circ}$
Vogan standard minimal $I_{1}’$ type ( lowest
$I_{1}’$-tyPe ) $\hat{G}_{\mathrm{a}\mathrm{d}\mathrm{m}}$ ([greenbook]) Vogan-Zuckerman
standard $\mathrm{L}\mathrm{a}\mathrm{I}\mathrm{l}\mathrm{g}\mathrm{l}\mathrm{a}\mathrm{n}\mathrm{d}\mathrm{s}- \mathrm{I}’\backslash \mathrm{n}\mathrm{a}\mathrm{l}\mathrm{J}\mathrm{p}-\mathrm{z}\mathrm{u}\mathrm{c}1’1\mathrm{e}\mathrm{r}11\mathrm{u}\mathrm{a}\mathrm{I}1$ standard
Example 23. $\mathrm{b}\subset 9\mathbb{C}$ ( $\overline{\mathrm{b}}=$ b) $\mathrm{g}$
$C_{7}$ quasi-split split
$Sp(2,\mathbb{R}),$ $sU(2,2)$ quasi-split $Sp(2,\mathbb{R})$ split
$c_{\tau}$ split $\exists \mathfrak{h}$ : split Cartan $\mathfrak{h}_{\mathbb{C}}\subset \mathrm{b}$ $\mathfrak{a}=\mathfrak{h}$
$T=Z_{Ii(}a$ ) $\simeq H/H_{0}$ $\mathbb{C}_{\Lambda}$ $H_{0}=A\simeq \mathbb{R}$ –
$T$ – outer tensor $\mathrm{b}$




$\mathcal{R}_{\mathrm{b}}^{0}(\mathbb{C}\Lambda)\simeq(\mathrm{I}\mathrm{n}\mathrm{d}_{B=\tau}^{c}\mathbb{C}_{\Lambda}\otimes(\wedge \mathfrak{U})AU\otimes 1\mathrm{t}_{0}\mathrm{p}$. $e^{-\rho}U)1Ii’$
]
$\mathcal{R}_{\mathfrak{h}}^{I)}$ ( $[\mathrm{g}\mathrm{r}\mathrm{e}\mathrm{e}\mathrm{n}\mathrm{l}\supset \mathrm{o}\mathrm{o}\mathrm{k},$ \S 6.3], [Schmid 91, (4.9) ])
$C_{7}=SP(2,\mathbb{R})$ Borel





$\alpha_{i}\in \mathbb{R}_{+}^{\cross}\}.\cross$ $’\backslash \in G\}$
5
$T\simeq$ $\hat{T}\simeq\ovalbox{\tt\small REJECT}\ni(t_{1}, t_{2})$ $A\simeq\ovalbox{\tt\small REJECT}$ –





Example 2.4. $\overline{\mathrm{b}}\cap \mathrm{b}=\mathfrak{h}_{\mathbb{C}}$ Cartan 8 $T=Zc(\mathfrak{y}_{\mathbb{C}})$ $G$
Cartan $G$ DS $(\Leftrightarrow \mathrm{r}\mathrm{a}\mathrm{n}\mathrm{k} C_{7}=\mathrm{r}\mathrm{a}\mathrm{n}\mathrm{k}K)$ $T$
A $\in\hat{T}$ $d\Lambda=\lambda\in\sqrt{-1}\mathfrak{h}’$ –




$\mathcal{R}_{\mathrm{b}}^{s}(\mathbb{C}_{\lambda})=(\mathrm{d}\mathrm{i}\mathrm{s}\mathrm{c}\mathrm{r}\mathrm{e}\mathrm{t}\mathrm{e}$ series of Harish-Chandra parameter $\lambda+\rho)_{[]}Ii$’
$\mathcal{R}_{\mathrm{b}}^{p}(\mathbb{C}\lambda)$
$\lambda$ $\mathrm{b}$ positivity regularity
\langle [darkgreenbook, \S 6.7.6], [Schmid 91, (4.10) ] 10
Borel cohomological induction




Vogan standard ([$\mathrm{g}\mathrm{r}\mathrm{e}\mathrm{e}\mathrm{l}\mathrm{l}\mathrm{I}\supset \mathrm{o}\mathrm{o}\mathrm{k},$ \S 6.5,
Defiffition 6.5.2]) $\mathrm{L}\mathrm{a}\mathrm{n}\mathrm{g}\mathrm{l}\mathrm{a}\mathrm{n}\mathrm{d}\mathrm{s}- \mathrm{I}\backslash \mathrm{n}\prime \mathrm{a}\mathrm{p}\mathrm{p}$ -Zuckerlnan
$\mathrm{s}\mathrm{t}\mathrm{a}\mathrm{n}\mathrm{d}\mathrm{a}\mathrm{l}\backslash \mathrm{d}$
3. Beilinson-Bernstein
$X=C_{7}\mathbb{C}/B_{\mathbb{C}}$ $X$ C $Q\subset X$ $I\mathrm{i}_{\mathbb{C}}’$
$Q$ $I\mathrm{c}^{r_{\mathbb{C}^{-}}}\mathrm{e}\mathrm{q}\mathrm{u}\mathrm{i}_{1}r\mathrm{a}1\backslash \mathrm{i}\mathrm{a}\mathrm{n}\mathrm{t}$ $\tau$ $\tau$
$Q$ $\tau$ $\mathfrak{D}$ ,- $X$ $\mathcal{I}(Q, \tau)$
$\Gamma^{p}(X,\mathcal{I}(Q, \tau))$ $(0\leq p)$
8 $I_{1^{\vee}}\mathbb{C}$ $\theta \mathrm{b}=\mathrm{b}$ $\theta \mathrm{b}=\mathrm{b}$ Borel
Cartan fundalnental $\mathrm{c}_{\mathrm{a}1}\cdot\tan$ Cartan
( )
9 integral condition
$\lambda(\alpha^{\vee})\in \mathbb{Z}$ ( [redbook, \S IV.5I





standard 11 . $\cdot$
duality theorem Beilinson-Bernstein standard Vogan-Zuckerman
standard ( $K$- ) ([HMSW])
D-
[HMMMSW] [Schmid 91] [Chang] [Mirkovi6] -
([Tanisaki])
([Se.kiguchi]) Lie
$11\mathcal{I}(Q, \tau)$ Harish-Chandra ( $[\mathrm{M}\mathrm{i}\mathrm{l}\mathrm{i}\check{\mathrm{c}}\mathrm{i}\acute{\mathrm{C}}]$ )
standard ( )
7
Part II. $SU(2,2)$ standard
$G=SU(2,2)$ ( ) 3 12
1. $P_{\min}=P_{\emptyset}$ :
2. $P_{\max}=P_{\beta}$ : ( $rightarrow \mathrm{l}\mathrm{o}\mathrm{n}\mathrm{g}$ root)
3. $G$
3 $\mathrm{L}\mathrm{a}\mathrm{n}\mathrm{g}\mathrm{l}\mathrm{a}\mathrm{n}\mathrm{d}\mathrm{s}-\mathrm{I}\acute{\mathrm{l}}\mathrm{n}\mathrm{a}\mathrm{p}\mathrm{p}-\mathrm{z}\mathrm{u}\mathrm{C}\mathrm{l}\mathfrak{c}\mathrm{e}\Gamma \mathrm{I}\mathrm{l}\mathrm{u}\mathrm{a}\mathrm{n}$ standard (–
) [$\mathrm{I}’\backslash \mathrm{n}\mathrm{a}\mathrm{p}\mathrm{p}’$-Speh] –
$C_{7}=SU(2,2)=\{g\in SL(4, \mathbb{C})|g^{*}I2,2g=I_{2,2}\}$ , $I_{2,2}=$
$\theta(g)=^{\epsilon_{\overline{j}C}}-1$ : Cartan ( ),







$A_{\mathrm{m}}=\exp a_{\mathrm{m}}$ , $a_{\mathrm{m}}=\{|$ $s,$ $t\in \mathbb{R}\}$
N $a,$,
$rightarrow$ ($\nabla \mathrm{g}$ , ) $=\{\pm \mathit{2}f_{1}, \pm \mathit{2}f2, \pm f1\pm f_{2}\}$ : ,
$f_{1},$ $f_{\mathit{2}}\in \mathfrak{a}_{\mathrm{n}1}’$
$f_{1}(X)=s\cdot$ , $f_{2}(X)=t$ ( $X\in a_{\mathrm{m}}$ ( $X$ ))
12 Siegel
8
$\underline{.\nabla}(\mathrm{g}, a_{1)\tau})=\Sigma\supset^{\underline{\nabla}}=+\{2f_{1},2f_{2}, f_{1}\pm f_{2}\}$ : $-$ , $N_{\mathrm{m}}= \exp(_{\alpha\in}\sum_{\underline{\nabla}+}\mathrm{g}_{\alpha})$
$\mathrm{g}_{\alpha}\subset \mathrm{g}$
$\alpha\in\Sigma$






$\overline{M}_{\mathrm{m}}=\{(\}\backslash \cdot’,$ $?l)|\uparrow l\in \mathbb{Z},$ $\kappa=\pm 1\}\simeq \mathbb{Z}\cross \mathbb{Z}$
$\uparrow l(u)=e^{i}?\iota\theta$ ( $u\in T:\mathrm{c}\iota$ ), $\kappa(\gamma_{2})=f_{\hat{\iota}}$
$\mathit{1}4_{\mathrm{m}}=a_{\mathrm{m}\mathbb{C}}=\wedge*\{\nu=\nu 1f1+\nu 2f.2|\nu=(\iota\dot{\text{ }_{}1}, \nu_{2})\in\infty\}\simeq \mathfrak{G}$
$\pi((\kappa, n);\nu)=\mathrm{I}\mathrm{n}\mathrm{d}c_{7}((h, ?l)\otimes e\mathcal{U}P\mathrm{m}1_{N}\otimes \mathrm{m})$
$\pi((\kappa, n);\nu)$ ?
$\pi$ Speh-Vogan
$\pi$ $U(\mathrm{g}_{\mathbb{C}})$ 3 (Shur
) 3 quasi-simple $\hat{G}_{\mathrm{a}\mathrm{d}\mathrm{m}}$
quasi-simple –
( ) quasi-siinple
3 Harish-Chandra Cartan $\mathfrak{y}_{\mathrm{c}}$ (
) Weyl
$U(\mathfrak{h}_{\mathbb{C}})^{\nu V}$
Hollualg $(3, \mathbb{C})\simeq \mathrm{H}\mathrm{o}\mathrm{I}\mathrm{n}_{\mathrm{d}}r(U(\mathfrak{y}_{\mathbb{C}})^{W},$ $\mathbb{O}\simeq \mathfrak{h}_{\mathbb{C}}^{*}/W$








Lemma 4.1. $\pi((\kappa, \uparrow l);\nu)$ $\lambda$




$X\in \mathfrak{h}=\mathfrak{m}_{\mathrm{m}}\oplus a_{\mathrm{m}}$ $\mathrm{c}(X)=c-1\mathrm{x}n?c_{m}$
$\mathrm{c}$ : $-$$\mathfrak{h}_{\mathbb{C}}$ $\mathrm{c}$ $\mathfrak{h}_{\mathbb{C}}$ $\epsilon\downarrow(4, \mathbb{C})$Cartan – $(\lambda_{1}, \cdots, \lambda_{4})\in \mathbb{C}^{\iota}$ $\lambda\in$
$\lambda(X)=\sum_{i=1}\lambda_{i}(4\mathrm{c}(X))i$
$(X\in \mathfrak{h}_{\mathbb{C}})\text{ }$
$(\mathrm{c}(X))_{i}$. $\mathrm{c}(X)$ $(i, i)$
$\lambda$
Speh-Vogan –
Theorem 4.2. (Speh-Vogan [Speh-Vogan, Theorem 1.1]) $P=MAN$
–
$\pi(\sigma, \nu)=\mathrm{I}\mathrm{n}\mathrm{d}_{P}^{G}(\sigma\otimes e^{\nu}\otimes 1_{N})$ $(\sigma\in\overline{M}_{DS}, \nu\in a_{\mathbb{C}}^{*})$
$\mathfrak{m}$ Cartan $\mathrm{t}^{+}$ $\mathfrak{h}=\mathrm{t}^{+}\oplus a$ $\mathrm{g}$ Cartan
$(\mathrm{g}\mathrm{c}, \mathfrak{h}_{\mathrm{c}})$ $\pi(\sigma;\nu)$






(a) $\alpha$ complex root $(\Leftrightarrow-\theta\alpha\neq\pm\alpha)$ 14‘
$\langle\alpha, \lambda\rangle>0>\langle\theta\alpha, \lambda\rangle$
$13\lambda_{M}$ $\sigma$




(b) $\alpha$ real root $(\Leftrightarrow-\theta\alpha=\alpha)$ parity condition 15
$G=SU(\mathit{2},2)$






$(\mathrm{a}’)a$ complex root $(\Leftrightarrow-\theta\alpha\neq\pm\alpha)$ 16‘
$\langle c\mathrm{t}’, \lambda\rangle\cdot\langle-\theta\alpha, \lambda\rangle>0$
$(|_{\mathrm{J}’})\alpha$ real root $(\Leftrightarrow-\theta\alpha=\alpha)$ parity condition 17
Speh-Vogall (a)
$a^{\vee}(\lambda)\in \mathbb{Z}$ $(’\theta\alpha)^{\mathrm{v}}(\lambda)\in \mathbb{Z}$
$(\mathrm{a}’)$ $(1_{\mathrm{J}’})$
$C_{7}=SU(\mathit{2},2)$ $\mathit{1}4_{3}$. $i\mathrm{s}-$
$\triangle(9\mathbb{C}, \mathfrak{y}_{\mathbb{C}})=\{\mathrm{h}^{-}.\hat{\mathrm{c}}j|i^{-}1\leq i\neq j\leq 4\}$















$\langle\alpha, \lambda\rangle\langle-\theta\alpha, \lambda\rangle=\frac{1}{4}(_{l}l+\nu 1-\nu_{2})(-n+\nu 1-\nu 2)>0$
$ll\equiv\nu_{1}-\nu_{2}$ (mod 2), $|\nu_{1}-\nu_{2}|>|n|$
( $tl\equiv\nu_{1}-\nu_{2}$ $\nu_{1}-\nu_{2}\in \mathbb{Z}$
)
$\alpha=\mathrm{c}_{1}-\wedge\hat{\mathrm{c}}_{4}=2s$
$\frac{2\langle\alpha,\lambda\rangle}{\langle\alpha,\alpha\rangle}=\frac{1}{4}((_{l\tau}+2\nu 1)-(n-2\nu 1))=\nu_{1}\in \mathbb{Z}$
parity condition
[redbook] [Warner]
$\alpha$ Cayley $\mathrm{d}_{\alpha}$ Cayley
Cartall $\tilde{\mathfrak{h}}$ $\triangle(9\mathbb{C},\tilde{\mathfrak{y}}_{\mathrm{c})}$ $\Psi_{1}$










$ll_{\alpha}= \frac{2\langle/\mathit{3},\rho(\Psi 1)-2_{\beta}(C\Psi_{1})\rangle}{\langle/\mathit{3},/\mathit{3}\rangle}\in \mathbb{Z}$
$\alpha--\llcorner\vee^{\wedge}1-\vee C4$ $ll_{\alpha}=1$
$\alpha$ $\alpha$ $\ovalbox{\tt\small REJECT} 1(\mathit{2})$ -triplet $SL(2, \mathbb{R})$





$(\kappa, \uparrow l)(-. 14\gamma_{2})=(-1)^{n_{h}}$’
.
$(-1)^{\eta}h=(-1)^{1\nu_{1}}+$ , $[] \mathrm{e}$ . $\nu_{1}\equiv\{$
$n+1$ (mod 2) if $\kappa=1$ ,
$n$ (mod 2) if $\kappa=-1$ ,
Example4.4. $\mathrm{P}^{\mathrm{a}1^{\backslash }\mathrm{i}\mathrm{t}}\mathrm{y}$ condition $SL(2, \mathbb{R})$
$SL(2,\mathbb{R})$ Borel $B$
$B=MA\Lambda^{r}$ $M=\{\pm 1_{2}‘\}_{\text{ }}$ $A$ $N$ 1
$\pi(\kappa’;\nu)=\mathrm{I}\mathrm{n}\mathrm{d}_{B}(\kappa\otimes sL(2,\mathbb{R})e^{\nu_{\otimes}}1_{N})$
$\kappa\in\{\pm 1\}\simeq\overline{M}_{\text{ }}$ $e^{\nu}$ $A$ $(1, 1)$ $a$
$e^{\nu\log a}=a^{\nu}$ $A$ –
$\pi(-1;2l\iota)$ $(n\in \mathbb{Z})$ \mbox{\boldmath $\pi$} $(1; 2n+1)$ $(n\in \mathbb{Z})$
$\pi(t\hat{\iota};\nu)$ $(\nu\in \mathbb{C})$




,?\mbox{\boldmath $\lambda$}\alpha $=-1_{2}$ parity condition
$\sigma(\eta l_{\alpha})=h=(-1)^{??\alpha}\cdot(-1)^{\nu}$ , $[].\mathrm{e}$ . $\nu\equiv\{$
$0$ (lnod 2) if $t_{\iota}’=-1$
1(mod 2) if $\kappa=1$
[Speh-Vogan] 1
$SL(.\mathit{2}$ ,
– Schmid [Schmid 75]
Schmid identity ( $[\mathrm{r}\mathrm{e}\mathrm{d}\mathrm{b}_{0}\mathrm{o}\mathrm{k}$ , Theorem 12.34] )
Theorem 4.5. $ll\neq\pm\nu_{1}\pm\nu_{2}$ , $\nu_{1},$ $\nu_{2}\neq 0$ $\pi((\kappa, n))\nu)$
(1) $-(4)$
(1) $n\equiv\nu_{1}-\nu_{2}$ (mod 2) $|\nu_{1}-\nu_{2}|>|\uparrow l|$
(2) $\uparrow x\equiv\nu_{1}+\nu_{2}$ (mod 2) $|\nu_{1}+\nu_{2}|>|n|$
13
(3) $\nu_{1}\in \mathbb{Z}$ $\kappa=1$ $\nu_{1}\equiv ll+1$ $($mod $2)_{\text{ }}\kappa=-1$ $\nu_{1}\equiv n$ (mod 2)





5. $R$-group minimal $K$-tyPe
R-group Weyl $(\mathbb{Z}_{\underline{)}})^{r}$ $(\exists r\geq 0)$ $([\mathrm{g}\mathrm{r}\mathrm{e}\mathrm{e}\mathrm{n}[_{)}\mathrm{o}\mathrm{o}\mathrm{k}$ ,
Definition $4.4.\underline{9,}$ Lemma 4.3.14], [Vogan 85, Theorem 36] )
$\pi(\sigma;\nu)$ $(\sigma\in NI\mathrm{D}\mathrm{S}, l\text{ }\in a_{\mathbb{C}}^{*})$ $\nu\in\sqrt{-1}\mathfrak{a}_{\text{ }^{}\prime}$ $\pi(\sigma;\nu)$
$\#(R- \mathrm{g}1’ \mathrm{O}\mathfrak{U}\mathrm{p})=$ ( $\pi(\sigma;\nu)$ intertwining )
([redbook, Theorem 1443], [greenbook, Corollary 6.5.14]19)
$\pi\in\hat{c_{\tau_{\mathrm{a}\mathrm{d}_{\ln}}}}$ minimal $I_{1-}’\mathrm{t}\underline{\mathrm{y}1)}\mathrm{e}$ $\pi$ $I\mathrm{i}’$
$\pi|_{Ii}$ $\tau\in I_{1}’$ $\pi|_{I_{1}},$ $\supset\tau_{\mu}\in\overline{I\mathrm{i}^{r}}(\mu$ : highest
weight)
$||\mu||^{2}=\langle\mu+2\rho C’\mu+2\rho_{c}\rangle\in\ 0$




Theorem 5.1. ( $\mathrm{K}\mathrm{n}\mathrm{a}_{\mathrm{P}\mathrm{P}}$ , Vogan) $l\text{ }\in\sqrt{-1}\mathfrak{a}’$ ( $\pi(\sigma;\nu)$
) (1), (2)
(1) $\#$ ( $R$-group) $\leq\#$ ( minimal $I\mathrm{i}^{r}$-types)
(2) minimal $I_{1}’$-type – $\Rightarrow$ $R$-group $\Rightarrow$ $\pi(\sigma;\nu)$
18 translation functor
$\tau$-invaliallt
$1\theta$Vogan – $\theta- \mathrm{s}\mathrm{t}\mathrm{a}1_{\mathrm{J}\mathrm{l}\mathrm{e}}$
cohomological parabolic induction
– [greenbook, Theoreln 66. $15$] $\circ$
14
Example 5.2. $C_{7}=SL(2, \mathbb{R})$
$\mathrm{I}\mathrm{n}\mathrm{d}_{B}^{G}((\mathrm{t}\mathrm{r}\mathrm{i}\mathrm{v}\mathrm{i}\mathrm{a}1)\otimes e^{\nu}\otimes 1)$ ... minimal $I\mathrm{i}^{r}$-type $=\{0\}$
$\mathrm{I}\mathrm{n}\mathrm{d}_{B}^{G}((\mathrm{s}\mathrm{i}\mathrm{g}\mathrm{n})\otimes e^{\nu}\otimes 1)$ . .. minimal $I\mathrm{i}’$-type $=\{\pm 1\}$
$( \mathrm{I}\mathrm{n}\mathrm{c}\iota_{G}^{G}\mathrm{I}\mathrm{n}\mathrm{c}\iota(B(B((\mathrm{t}1\backslash \mathrm{i}\mathrm{l}^{\Gamma}\mathrm{i}\mathrm{a}\mathrm{s}\mathrm{i}\mathrm{g}\mathrm{n})\otimes e^{0}\otimes)1)\otimes e^{0}\bigotimes_{1}1)$
$:$
: ( $\#$ irreducible component $=2$ )
(LDS)





$\overline{I_{1}’}\ni t\mathrm{t}’.\otimes\tau_{\mu_{1}}\otimes\tau_{\mu_{2}}$ ( $n’\in \mathbb{Z},$ $\mu_{1},$ $\mu_{2}\geq 0$ : highest weights )
$I_{1}’$ compatibility $n’\equiv\mu_{1}+\mu_{2}$ (mod 2)
$I_{1}’$-length
$I_{\mathrm{t}}’$-length $=\uparrow \mathit{1}_{l}^{;2}+2(\mu_{1}+2)^{2}+2(\mu_{2}+2)^{2}$




( 20 1) $\pi((1,0);0)$ – minimal $I\iota^{\nearrow}$-type
Corollary 5.3. $\pi(0,0;\nu)$ $(\iota\ovalbox{\tt\small REJECT}\in\sqrt{-1}\mathfrak{a}_{\ln}’)$ : $\pi((1,0);\nu)\in$
$\hat{C_{\tau_{\mathrm{u}}}}$ $(\nu\in\sqrt{-1}a_{\mathrm{n})}’)$ .
$R$-group [$\mathrm{I}\acute{\backslash }\mathrm{n}\mathrm{a}_{1^{)}\mathrm{P}}$ -Speh, \S 3.3.a]
$\nu=0$ 4
Example 54. $\pi((-1, ll);\iota\ovalbox{\tt\small REJECT})$ ( $ll\equiv 1$ (mod 2)) minimal IC-type $(ll^{l}$ ,
$\mu_{1},$ $\ell_{l\underline{\cdot)}})=(\pm 2,0,0)$ $\nu=0$ $\#$ R-grOuP $=2$
$\#(\pi$ ( $(-$ $0)$ ) $=2$
DS ([Ytluashita $90]$ )
\S II.7.




$P$ $=$ $P_{2f_{\wedge}}.?=MAN$ $(/\mathit{3}=2f_{2})$
$\mathfrak{m}$ $=$ $\mathrm{m}_{\mathrm{n}1}+_{9\beta}+9-\beta+[9\beta, \mathrm{g}-\beta]$
$=$ $\{|\theta\in \mathbb{R}|\oplus\{$ $|\delta\in \mathbb{R}w\in \mathbb{C}\}$
$M$ $=$ $T\cross\{|$ $|\alpha|^{2}-|\beta|^{2}=1$ , $\alpha,$ $\beta\in \mathbb{C}\}$
i.e. $( \frac{\alpha}{\beta}\frac{\beta}{\alpha})\in SU(1,1)$
$\mathfrak{a}=$ $\{H\in \mathfrak{a}_{\mathrm{m}}|2f2(H)=0\}=\{|s\in \mathbb{R}\}$
$A$ $=$ $\exp a$
$N$ $=\exp(_{92}f_{1}\oplus 9f1+f\underline{\cdot\supset}\oplus \mathrm{g}_{ff}1-\underline{.\supset})$
$\mathfrak{h}$ $=$ $\{X=$ $\ovalbox{\tt\small REJECT}\theta,$ $\delta\in \mathbb{R}\}$








$\overline{lVI}\mathrm{D}\mathrm{s}=\{(n, D_{r}\pm)?1|\uparrow l\in \mathbb{Z}m\geq 1\}$
2111
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$D_{m}^{\pm}$ Harish-Chandra $m$ $SU(1,1)\simeq SL(2, \mathbb{R})$
$D_{??\iota}^{\pm}|_{\mathrm{t}\mathrm{r}}\text{ }\iota \mathrm{t}\mathrm{s}\simeq$ $. \sum_{i=\mathit{0}}^{\infty}\oplus\pm(n?+\mathit{2}i+1)$ ( )
22 $P$ $\nu\in \mathbb{C}$
$\pi(n, D^{\pm}\eta;\nu)=\mathrm{I}\mathrm{n}\mathrm{d}_{P}^{G}((n, D_{m}^{\pm})\otimes a^{\nu}\otimes 1_{N})$
$I\mathrm{i}^{r}$-type
$\pi(\uparrow l, D_{??\iota}\pm; \nu)|_{Ii}=\mathrm{I}\mathrm{n}\mathrm{d}_{M}^{I_{1}’}\cap I\mathfrak{i}(n, D_{??\iota}^{\pm})|_{M\cap K}$
( $SU(2)\cross SU(\mathit{2})$ torus ) $=$ ( $\mathrm{w}\mathrm{e}\mathrm{i}\mathrm{g}\mathrm{h}\mathrm{t}$ space )
D (D )
Lemma 6.1. $\pi(\uparrow\iota, D_{n?}^{+} ; \nu)$ $\lambda\in$




$X\in \mathfrak{h}=\mathrm{t}\oplus a$ $\mathrm{c}(X)=C^{-1},\mathrm{x}C$
$\mathrm{c}$ : $-$
Speh-Vogan 42.
22 [redbook, .\S $\mathrm{I}\mathrm{I}.5$ ] Harish-Chandra ( )




Theorem 62. $\pi(\uparrow\tau, D_{m}^{+}; \nu)$ (
$\nu\neq\pm n\pm m,$ $\nu\neq 0,$ $\uparrow\neq 0$ ) $\pi(n, D_{m}^{+}; \nu)$





$\alpha^{\vee}(\lambda)=\frac{1}{4}((n+2\nu)-(-\uparrow l+2m))=\frac{1}{\mathit{2}}$ $(l\text{ }+(n-m))\in \mathbb{Z}$
$\nu\in \mathbb{Z}$ $\nu\equiv n+m$ (mod 2)
\theta \alpha $=-(\llcorner^{\wedge}.2-\mathrm{L}^{\wedge}.)4$ –
42. (a)
$\langle\alpha, \lambda\rangle=\frac{1}{2}((\uparrow l-nl)+\nu)>0>\langle\theta\alpha, \lambda\rangle=\frac{1}{2}((n-m)-\nu)$
$\theta\alpha$ (a) $(n-m)+\nu$ $(n-m)-\nu$
$((\uparrow \mathrm{t}-\uparrow 7l)+\nu)((n-\uparrow 7l)-\nu)=(?l-ln)2-\nu‘<02$ , . $\cdot\cdot$ $|n-m|<|\nu|$
$\epsilon_{1}-\in_{2}$ $\epsilon_{2}-\vee=4$
$\nu\in \mathbb{Z}$ $\nu\equiv n+m$ (mod 2), $|\nu|>|n-m|$
1 $-\mathit{6}3$ $\epsilon_{3}-\mathrm{c}\prime 4$





$\alpha$ Cayley $\mathrm{d}_{\alpha}$ . Cayley
Cartan Cartan $\mathfrak{h}_{\mathrm{c}\mathrm{p}\mathrm{t}}$
$\triangle(\mathrm{g}\mathrm{c}, \mathfrak{y}_{\mathrm{C}}\mathrm{p}\mathrm{t}\mathbb{C})$ $\Psi_{1}$ $\alpha$
$\mathrm{d}_{\alpha}$ $/\mathit{3}=\mathrm{d}_{\alpha}(\alpha \mathrm{I}$ $\Psi_{1}$ non-compact -
/3 $\Psi_{1}$ $-$
( $\Psi_{1}$ simple roots) $=\{\beta=\epsilon_{1}-\in_{4}, \mathcal{E}_{4^{-\mathrm{c}_{3,\mathit{6}_{3}}}}\wedge-\epsilon_{2}\}$
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$\rho,$ $\rho_{c}$
$\rho(\Psi_{1})=\frac{1}{\mathit{2}}(3, -3, -1,1)$ , $\rho_{c}(\Psi_{1})=\frac{1}{2}(1, -1, -1,1)$
$n_{\alpha}= \frac{2\langle\beta,\rho(\Psi_{1})-2\rho \mathrm{c}(\Psi_{1})\rangle}{\langle\beta,\beta\rangle}=1$ .
$??1_{\alpha}$
$\uparrow\gamma l_{\mathrm{o}}$. $==(-1_{4})\cdot\gamma 2$
$t7l_{\alpha}$
$(?1, D_{?1}^{\pm})?(?n\alpha)=l\tau(-14)\cdot D^{\pm}(m\gamma 2)=(-1)^{n}(-1)m+1=(-1)n+m+1$
parity condition
$(\uparrow l, D_{7?}^{\pm})l(?7l_{\alpha})=(-1)^{n_{\alpha}+}2\langle\alpha,\lambda\rangle/\langle\alpha,\alpha\rangle$ , . . $(-1)^{n+m}+1=(-1)^{1+}\nu$
$\nu\in \mathbb{Z}$ \nu $\equiv n+m$ (mod 2)
staztdard $\pi(?l, D_{\eta l}^{\pm}; l\ovalbox{\tt\small REJECT})$ 3
– 62.








([Harish-Chandra66]) Harish-Chandra ( )
( $[\mathrm{H}\mathrm{a}\mathrm{r}\mathrm{i}_{\mathrm{S}}\mathrm{h}$-Chandra56]) [Narasimhan-Okamoto], [Hotta],




$\Lambda+\rho$ $I_{1}’$ ( $I\mathrm{i}^{r}$
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) $\mathfrak{h}_{\text{ }\mathrm{p}\mathrm{t}}$ A A $=$ ( $\Lambda_{1},$ $\cdots$ , A4)
A $\Lambda_{i}\in \mathbb{Z}$
$(9\mathrm{c}, \mathfrak{h}\text{ }\mathrm{p}\mathrm{t}\mathbb{C})$ Weyl 4 $W=\mathfrak{S}_{4}$ ;pt -
Weyl $W_{\mathrm{c}\mathrm{p}\mathrm{t}}$ $W$ $G$
– $W_{\mathrm{c}\mathrm{p}\mathrm{t}}\simeq N_{c}(\mathfrak{y}_{\text{ }\mathrm{p}}\mathrm{t})/Z_{G}(\mathfrak{h}_{\text{ }\mathrm{p}}\mathrm{t})=N_{I\iota’}(\mathfrak{y}_{\text{ }\mathrm{p}}\mathrm{t})/Z_{K}(\mathfrak{h}_{\text{ }\mathrm{p}}\mathrm{t})$ $W=\mathfrak{S}_{4}$
$K\simeq S(U(2)\cross U(2))$
$W_{\mathrm{c}\mathrm{p}\mathrm{t}}=\mathfrak{S}_{2}\cross \mathfrak{S}_{2}$
Theorem 7.1. (Harish-Chandra) A









$\langle\Lambda,-.-1-\overline{\llcorner.}\mathit{2}\rangle=\Lambda_{1}-\Lambda_{2}>0$ , $\langle\Lambda, .c_{3^{-\mathit{6}_{4}}}\rangle=$ A3 $-\Lambda_{4}>0$
$W=\mathfrak{S}_{4}$ 6
A
(I) $\Lambda_{1}>\Lambda_{2}>\Lambda_{3}>\Lambda_{4}$ (IV) $\Lambda_{3}.>\Lambda_{1}>\Lambda_{2}>\Lambda_{4}$
(II) $\Lambda_{1}>\Lambda_{3}>\Lambda_{2}>\Lambda_{4}$ (V) $\Lambda_{3}>\Lambda_{1}>\Lambda_{4}>\Lambda_{2}$
(III) $\Lambda_{1}>\Lambda_{3}>\Lambda_{4}>\Lambda_{2}$ (VI) $\Lambda_{3}>\Lambda_{4}>\Lambda_{1}>\Lambda_{2}$
6 Weyl { $\Lambda_{1},$ $\cdots$ , A4}
– 23 $(\mathrm{I})-(\mathrm{V}\mathrm{I})$ [Yamashita 90]
(I) (VI) ( ) ( $[\mathrm{H}\mathrm{a}\mathrm{I}\mathrm{i}\mathrm{s}\mathrm{h}$-Chandra56], [Schmid 75])
Blattner – minimal $I1- \mathrm{t}\mathrm{y}\mathrm{P}\mathrm{e}$’ $\lambda$
A $\triangle^{+}$
$\lambda=\Lambda+\rho_{n}-\rho_{c}$ , $\rho_{n}=\frac{1}{\mathit{2}}\sum_{\alpha\in\Delta_{n}^{+}}\alpha$, $\rho_{c}=\frac{1}{2}\sum_{\alpha\in\Delta_{\mathrm{C}}^{+}}\alpha$









(I) $\Lambda_{1}>\Lambda_{2}=\Lambda_{3}>\Lambda_{4}$ (IV) $\Lambda_{3}=\Lambda_{1}>\Lambda_{2}>\Lambda_{4}$
$(\mathrm{I}\mathrm{I})$ $\Lambda_{1}=\Lambda_{3}>\Lambda_{2}>\Lambda_{4}$ $\Lambda_{3}>\Lambda_{1}>\Lambda 2=\Lambda_{4}$
$\Lambda_{1}>\Lambda_{3}=\Lambda_{2}>\Lambda_{4}$ $\Lambda_{3}=\Lambda_{1}>\Lambda_{2}=\Lambda_{4}$




$\Lambda_{1}=\Lambda_{3}>\Lambda 4=\Lambda_{2}$ (VI) $\Lambda_{3}>\Lambda_{4}=\Lambda_{1}>\Lambda_{2}$
(I) (II) 2
$\mathrm{D}\mathrm{S}$ $DS(\Lambda),$ $DS_{\mathrm{I}()}\Lambda,$ $LDs\mathrm{I}(\Lambda)$
Example 7.2. [Yamashita 90] ( )
$G=SU(2,\mathit{2})$
(I) ( )
$DS_{\mathrm{I}}(\Lambda)$ , $\Lambda_{1}>\Lambda_{2}>$ A3 $>\Lambda_{4}$
1 :
$DS_{\mathrm{I}}(\Lambda)\llcornerarrow\pi(\Lambda 2-\Lambda_{1}+\Lambda_{3}-\Lambda 4, D_{\Lambda_{1}}^{+}-\Lambda_{4} ; \Lambda 2^{-}\Lambda_{3})$ .
$\pi((n, D_{1?}^{\pm},);\nu)$ (\S II.6. )
$DS_{\mathrm{X}}(\Lambda)$ (X $=\mathrm{I}-\mathrm{V}\mathrm{I}$ )
(Weyl )
([Yalllashita 90, Theoreln 8.2] )
$DS_{\mathrm{I}}(\Lambda):\Lambda_{1}>\Lambda_{2}>\Lambda_{3}>\Lambda_{4}$
$\pi((-\Lambda_{1}+\Lambda_{2}+\Lambda.3^{-}\Lambda_{4}, D^{+}\Lambda_{1}-\Lambda 4);\Lambda 2-\Lambda_{3})$ $(_{S_{1^{S}\mathrm{s}^{\Lambda :}}}\mathrm{I}+)$
$DS_{\mathrm{I}\mathrm{I}}(\Lambda):\Lambda 1>\Lambda_{3}>\Lambda_{2}>\Lambda_{4}$
$\pi((\Lambda_{1}-\Lambda_{2^{-}}\Lambda_{3}+\Lambda_{4}, D\Lambda_{3}+.-\Lambda_{9}\sim);\Lambda 1-\Lambda_{4})$ $(\Lambda_{1} : +)$
$\pi((-\Lambda_{1^{-}}\Lambda 2+\Lambda_{3}+\Lambda_{4}, D_{\Lambda-}^{+})1\Lambda 2;\Lambda 3-\Lambda_{4})$ $(s_{1}\Lambda_{\mathrm{I}} : +)$
$\pi((\Lambda_{1}+\Lambda_{2}-\mathrm{A}3^{-}\Lambda 4, D+)\Lambda_{3}-\Lambda_{4};\Lambda_{1}-\Lambda_{2})$ $(s_{3}\Lambda_{\mathrm{I}} : +)$
$\pi((-\Lambda_{1}+\Lambda_{2}-\Lambda_{3}+\Lambda_{4}, D_{\Lambda_{1}}+)-\Lambda_{3};\Lambda 2-\Lambda_{4})$ $(_{S_{1}S}2\Lambda_{\mathrm{I}} : +)$
$\pi((-\Lambda_{1}+\Lambda_{2}+\Lambda_{3}-\Lambda_{4}, D^{+}\Lambda_{1}-\Lambda 4);\Lambda 3-\Lambda_{2})$ $(_{S_{1}S}3\Lambda_{\mathrm{I}} : +)$
$\pi((\Lambda_{1^{-}}\Lambda_{2}+\Lambda_{3^{-\Lambda}}4, D^{+}\Lambda\underline{\circ}-\Lambda_{4});\Lambda 1^{-}\mathrm{A}_{3})$ $(_{S_{3}S}2\Lambda_{\mathrm{I}} : +)$
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$DS_{\mathrm{I}\mathrm{I}\mathrm{I}}(\Lambda)$ : $\Lambda_{1}>$ A3 $>\Lambda_{4}>$ $\mathrm{A}_{2}$
$\pi((-\Lambda_{1}+\Lambda_{2^{-}}.\Lambda_{3}+\Lambda_{4}, D_{\Lambda-}^{+}\Lambda 3)1-;\Lambda 4\Lambda_{2})$ $(s_{12}s.\Lambda_{\mathrm{I}} : +)$
$\pi((\Lambda_{1}-\Lambda_{2}+\Lambda 3-\Lambda_{4}, D-)\Lambda_{4}-\Lambda 9;\Lambda 1-\Lambda 3)\sim.$ $(S_{3}S_{2}\Lambda_{\mathrm{I}} : -)$
$DS_{\mathrm{I}\mathrm{V}}(\Lambda)$ : A3 $>\Lambda_{1}>$ $\mathrm{A}_{2}$ $>\Lambda_{4}$
$\pi((-\Lambda_{1}+\Lambda_{2}-\Lambda 3+\Lambda 4, D_{\Lambda_{3}\Lambda_{1}}^{-}-);\Lambda 2^{-\Lambda}4)$ $(_{S_{1}S_{2}}\Lambda_{\mathrm{I}} : -)$
$\pi((\Lambda_{1^{-}}\Lambda_{2}+\Lambda_{3}-\Lambda 4, D+)\Lambda\underline{9}-\Lambda 4;\Lambda 3-\Lambda_{1})$ $(s_{3^{S}2}.\Lambda \mathrm{I}:+)$
$Ds_{\mathrm{V}}(\Lambda)$ : $\Lambda_{3}>\Lambda_{1}>\Lambda_{4}>\Lambda_{2}$ . $\cdot$ . . . .
$\pi((-\Lambda_{1}+\Lambda_{2}+\Lambda_{3}-\Lambda 4, D\Lambda-1-\Lambda 4);\Lambda 3-\Lambda_{2})$ $(\Lambda_{1} : -)$
$\pi((\Lambda_{1}+\Lambda_{2}-\Lambda_{3}-\Lambda 4, D^{-}\Lambda 3-\Lambda 4);\Lambda 1-\Lambda_{2})$ $(s_{1}\Lambda_{\mathrm{I}} : -)$
$\pi((-\Lambda_{1}-\Lambda_{2}+\Lambda_{3}+\Lambda 4, D_{\Lambda_{1}}^{-}-\Lambda\underline{\iota});\mathrm{A}3-\cdot\Lambda_{4})$ $(s_{3}\Lambda_{\mathrm{I}} : -)$
$\pi((-\Lambda_{1}+\Lambda_{2}-\Lambda_{3}+\Lambda 4, D\Lambda-3-\Lambda 1);\Lambda 4-\Lambda_{2})$ $(S_{1}S_{2}\Lambda_{\mathrm{I}} : -)$
$\pi((\Lambda_{1^{-}}\Lambda_{2}-\Lambda_{3}+\Lambda_{4}, D_{\Lambda-}^{-}\Lambda 2)3-;\Lambda 1\Lambda_{4})$ $(s_{1}s_{3}\Lambda_{\mathrm{I}} : -)$
$\pi((\Lambda_{1^{-}}\Lambda_{2}+\Lambda 3^{-}\Lambda 4, D\Lambda 4-\Lambda\underline{\mathrm{o}})-;\mathrm{A}3-\Lambda_{1})$ $(S_{3}S_{2}\Lambda_{\mathrm{I}} : -)$
$Ds_{\mathrm{v}\mathrm{I}():}\Lambda$ A3 $>\Lambda_{4}>\Lambda_{1}>$ $\mathrm{A}_{2}$
$\pi((\Lambda_{1^{-}}\Lambda_{2}-\Lambda_{3}+\Lambda_{4}, D_{\Lambda-}^{-})3\Lambda 2;\Lambda 4-\Lambda_{1})$ $(_{S_{1}S_{3}}\Lambda_{\mathrm{I}} : -)$
$\pi((\kappa, n);\nu)$ (\S II.4. )
$([\mathrm{Y}\mathrm{a}\mathrm{l}\mathrm{l})\mathrm{a}\mathrm{S}\mathrm{h}\mathrm{i}\mathrm{t}\mathrm{a}90$ , Theorem 6.1] )
$DS_{\mathrm{I}}(\Lambda)$ : $\Lambda_{1}>\Lambda_{2}>\Lambda_{3}>\Lambda_{4}$
$\pi$ ( $(-(-1)^{\Lambda_{1}\Lambda_{4}}-,$ $-\Lambda_{1}+\Lambda_{2}+$ A3 $-$ $\Lambda_{4});(\Lambda_{2}$ $-$ A3, $\Lambda_{1}$ $-$ $\Lambda_{4})$ ) $S_{l}S_{\mathit{3}}$
$DS_{\mathrm{I}\mathrm{I}}(\Lambda):\Lambda 1>\Lambda_{3}>\Lambda_{2}>\Lambda_{4}$
$\pi((-(-1)^{\Lambda-}\mathrm{a}\Lambda 2, \Lambda 1-\Lambda 2-\Lambda \mathit{3}+\Lambda_{4});(\Lambda_{1}-\Lambda 4, \Lambda_{\mathit{3}^{-}}\Lambda 2))$ $1$
$\pi$ ( $(-(-1)^{\Lambda_{1}-\Lambda\underline{\eta}}$
$,$
$-\Lambda_{1}$ $-$ $\Lambda_{2}+$ A3 $+\Lambda_{4})$ ; (A3 $-$ $\Lambda_{4},$ $\Lambda_{1}$ $-$ $\Lambda_{2})$ ) $s_{1}$
$\pi((-(-1)\Lambda\underline{\mathrm{o}}-\Lambda 3, \Lambda_{1^{-}}\Lambda 2^{-}\Lambda_{3}+\Lambda 4);(\Lambda 1^{-}\Lambda 4, \Lambda_{2}-\Lambda_{\mathit{3}}))$ $s_{2}$
$\pi((-(-1)^{\Lambda_{3}\Lambda_{4}}-, \Lambda 1+\Lambda_{2}-\Lambda 3-\Lambda 4);(\Lambda_{1^{-\Lambda_{2},\Lambda}}3^{-}\Lambda_{4}))$ $s_{3}$
$\pi((-(-1)^{\Lambda_{1}}-\Lambda_{3}, -\Lambda 1+\Lambda_{2^{-}}\Lambda.3+\Lambda 4);(\Lambda 2^{-}\Lambda 4, \Lambda_{1}-\Lambda_{\mathit{3}}))$ $S_{l}S_{\mathit{2}}$
$\pi((-(-1)^{\Lambda_{1}\Lambda_{4}}-, -\Lambda 1+\Lambda 2+\Lambda_{\mathit{3}}-\Lambda 4);(\Lambda 3^{-}\Lambda 2, \Lambda_{1}-\Lambda_{4}))$ $S_{l}S_{\mathit{3}}$
$\pi((-(-1)^{\Lambda_{2}\Lambda_{4}}-, \Lambda_{1}-\Lambda 2+\Lambda 3-\Lambda 4);(\Lambda_{\iota-}\Lambda 3, \mathrm{A}2 - \Lambda_{4}))$ S382
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$Ds_{\mathrm{I}\mathrm{I}\mathrm{I}}(\Lambda):\Lambda_{1}>\Lambda_{3}>\Lambda_{4}>\Lambda_{\mathit{2}}$
$\pi((-(-1)^{\Lambda_{4}\Lambda_{3}}-, +\Lambda_{1}+\Lambda_{2}-\Lambda_{3}-\Lambda_{4});(\Lambda 1^{-}\Lambda 2, \Lambda_{4}-\Lambda_{3}))$ $s_{2}$
$\pi((-(-1)\Lambda_{1}-\Lambda_{3}, -\Lambda_{1}+\Lambda 2^{-}\Lambda \mathit{3}+\Lambda_{4});(\Lambda 4-\Lambda 2, \Lambda 1-\Lambda_{\mathit{3}}))$ $s_{1}s_{2}.$
$\pi((-(-1)^{\Lambda_{4}\Lambda}-\cdot\sim, \Lambda_{1^{-}}\supset\Lambda 2+\Lambda 3-\Lambda_{4});(\Lambda 1^{-}\Lambda 3, \Lambda_{4}-\Lambda_{2}))$ $s_{3}s_{2}$
$Ds_{\mathrm{I}\mathrm{V}}(\Lambda):\Lambda_{\mathit{3}}>\Lambda_{1}>\Lambda_{2}>\Lambda_{4}$
$\underline{\pi((-(-1)^{\Lambda\underline{?}-}.\Lambda 1,-\Lambda 1-\Lambda 2+\Lambda 3+\Lambda_{4}),\cdot(\Lambda_{3}-}\Lambda 4, \Lambda_{2}-\Lambda_{1}))$
$\pi((-(-1)^{\Lambda_{3}}-\Lambda_{1}, -\Lambda_{1}+\Lambda 2-\Lambda_{3}+\Lambda 4);(\Lambda_{2}-\Lambda 4, \Lambda_{3}.-\Lambda_{1}))$
$s_{2}$
$s_{1}s_{\mathit{2}}.$
$\pi((-(-1)^{\Lambda_{2}\Lambda_{4}}-, \Lambda_{1}-\Lambda 2+\Lambda_{3}-\Lambda 4);(\Lambda 3^{-}\Lambda 1, \Lambda_{2}-\Lambda_{4}))$ $s_{3}s_{2}$
$DS_{\mathrm{V}}(\Lambda \mathrm{I}$ : $\Lambda_{3}>\Lambda_{1}>\Lambda_{4}>\Lambda_{2}$
$\pi((-(-1\mathrm{I}^{\Lambda_{1}\Lambda_{4}}-, -\Lambda 1+\Lambda 2+\Lambda 3-\Lambda_{4});(\Lambda 3^{-}\Lambda 2, \Lambda_{1}-\Lambda_{4}))$ $1$
$\pi((-(-1)^{\Lambda_{3}\Lambda}-4, \Lambda_{1}+\Lambda_{2^{-}}\Lambda.3^{-\Lambda);}4(\Lambda 1^{-}\Lambda 2, \Lambda_{3}-\Lambda_{4}))$ $s_{1}$
$\pi((-(-1)\Lambda_{4}-\Lambda_{1}, -\Lambda_{1}+\Lambda_{2}+\Lambda 3^{-}\Lambda_{4});(\Lambda.3^{-}\Lambda 2, \Lambda_{4}-\Lambda_{1}))$ $s_{2}$
$\pi((-(-1)^{\Lambda_{1}}-\Lambda_{\sim-}.\supset,\Lambda 1-\Lambda_{\mathit{2}}+\Lambda 3+\Lambda_{4});(\Lambda 3^{-}\Lambda 4, \Lambda_{1}-\Lambda_{2}))$ $s_{3}$
$\pi((-(-1)^{\Lambda_{3}\Lambda_{1}}-, -\Lambda_{1}+\Lambda_{2^{-}}\Lambda_{3}+\Lambda_{4});(\Lambda_{4}-\Lambda 2, \Lambda_{3^{-}}\Lambda 1))$ $s_{1}s_{\mathit{2}}$
$\pi((-(-1)\Lambda_{3}-\Lambda\underline{\cdot\supset}, \Lambda 1-\Lambda_{2}-\Lambda_{\mathit{3}}+\Lambda_{4});(\Lambda 1^{-}\Lambda 4, \Lambda_{3}-\Lambda_{2}))$
$S_{l}S_{\mathit{3}}$
$\pi((-(-1)^{\Lambda_{4}\Lambda_{\underline{1}}}-\cdot, \Lambda 1^{-}\Lambda_{2}+\Lambda_{3^{-}}\Lambda 4);(\Lambda \mathit{3}-\Lambda 1, \Lambda_{4^{-\Lambda_{2}))}}$
$s_{3}s_{\mathit{2}}$
$DS_{\mathrm{I}}(\Lambda):\Lambda 3>\Lambda 4>\Lambda 1>\Lambda_{2}$‘




Lemma 8.1. $I\iota$ $n’\otimes\tau_{\mu_{1}}\otimes\tau_{\mu_{2}}$ $P$
$\pi((n, D^{+}.??);\nu)$ $I\mathrm{i}’$-tyPe $\exists i\geq 0,0\leq\exists j_{1}\leq$
$\mu_{1},0\leq\exists j_{2}\leq\mu_{2}$
$2i$ $=$ $2j_{1}-\mu_{1}+(n+n’)/2-m-1$




$\overline{I\mathrm{i}^{-}}\ni n’\otimes\tau_{\mu_{1}}\otimes\tau_{\mu}\underline,$ ( $n’\in \mathbb{Z},$ $l^{l_{1}},$ $\mu_{2}‘\geq 0$ : highest weights )
$ll’\in \mathbb{Z}$ $\mathbb{T}=\{e^{i\cdot\psi}’|\psi\in \mathbb{R}\}$ $n’(e^{i})\psi=e^{in’\cdot\psi}$ .
$\tau_{l},\in SU(2)^{\sim}$ highest weight $\mu\in \mathbb{Z}_{\geq 0}$ $SU(2)$ $\dim\tau_{\mu}=\mu$
$\tau_{\mu}$
(weights of $\tau_{\mu}$ ) $=\{-\mu, -\mu+2, \cdots, \mu^{-2}, \mu\}=\{\mu-2j|0\leq j\leq\mu\}$
1 $I\mathrm{t}’$ $\prime n’\equiv$
$l^{l_{1}}+\mu_{\mathit{2}}$ (mod 2) compatibility
$P=MA\Lambda^{r}$ \S II.6. $P$
$\pi((?l, D_{nl}^{+});\nu)$ $I\mathrm{i}$’ Frobenius reciprocity
$\pi((_{l}l, D_{\eta \mathit{1}}+);\nu)|_{I’}\backslash \simeq\sum_{\omega\in Ii}\oplus[\omega_{M\mathrm{n}I}in,$$D+)\wedge’$: $(m|M\mathrm{n}K]\omega$
$\theta\in \mathbb{R}$ $\cross\{$ $\delta\in \mathbb{R}$ $\simeq \mathbb{T}\cross \mathbb{T}$
$\mathrm{J}/I$ Cartan $-$
$(?l, D_{m}+)$ ( $ll$ , D,+??)|Mn -- $M\cap K\simeq \mathbb{T}\cross \mathbb{T}$ $(M\cap K)^{\sim}\simeq$
$\mathrm{T}\cross \mathbb{T}=\mathbb{Z}\cross \mathbb{Z}$ –
$(n, D_{m}+)|M\cap K=$ $\sum_{i=0}^{\infty}\oplus(n, m+2i+1)$
(\S II.6. ) –
$n’ \otimes\tau_{\mu_{1}}\otimes\tau,\iota 2|M\cap K=\sum_{\tau\nu_{j\mathrm{g}\mathrm{t}}\in \mathrm{w}\mathrm{e}\mathrm{i}1_{1}(}\oplus 2\mu_{j})(\nu_{1}+\nu_{2}, (n’-\nu 1+\nu_{2})/)$
24
24 $\omega=n’\otimes\tau_{\mu_{1}}\otimes\tau_{\mu_{2}}$ $\pi((n, D_{m}^{+});\nu)$ $I\{^{\vee}$-tyPe






$\nu_{1}$ $=$ $(tl+ll’)/2-m-2\prime i-1$
$\nu_{\mathit{2}}$ $=$ $(\uparrow l-n’)/2+m+2i+1$
$\nu_{1}=_{l^{l_{1^{-}}2j_{1}}}$ $(0\leq j_{1}\leq\mu_{1}),$ $\nu_{\mathit{2}}=\mu_{2}-2j_{2}$ $(0\leq j_{\mathit{2}}\leq\mu_{2})$ ,
1
$\pi((\uparrow\iota, D_{r?l}-);\nu)$
Lemma 82. $I\mathrm{c}’$ $tl^{J}\otimes\tau_{\iota_{1}},\otimes\tau_{l2}$, $\pi((n, D_{m}^{-});\nu)$ $I\mathrm{i}’$-type $\exists i\geq 0$






$(\uparrow?l, D_{7^{-}}?1)|_{M}\cap K=$ $\sum_{i=0}^{\infty}\oplus i(_{l}l, -(\eta+2+1))$




$(0, D_{3}^{+})|_{M\cap}K\ni(n, m+2i+1)=(0,4+2i)$ $(i\geq 0)$
$\overline{I\iota.}\ni\uparrow l’\otimes\tau\mu_{1}\otimes \mathcal{T}_{\mu_{2}}|_{M}\cap K\supset(\mathrm{o}, 4+2i)$
Lemma 8.1. $n’\equiv 0(\mathrm{l}\mathrm{n}\mathrm{o}\mathrm{d}2)$
$2\prime i$, $=$ $\mathit{2}j_{1}-\mu_{1}+l\iota’/2-4$ $(0\leq\exists j_{1}\leq\mu_{1})$
$=$ $-2j_{2}+\mu 2+n’/2-4$ $(0\leq\exists j_{2}\leq\mu_{2})$
$I\iota^{-}$-length $(n’\otimes\tau_{\mu_{1}}\otimes\tau_{\mu_{2}})=n^{\prime 2}+2(\mu_{1}+2)^{2}+2(\mu_{2}+2)^{2}$
$(ll’, \mu_{1}, \{\iota 2)=(6,1,1)$ – minimal $I\backslash ’- \mathrm{t}\mathrm{y}\mathrm{P}\mathrm{e}$
$DS_{\mathrm{I}}(\Lambda)$ minimal $I\mathrm{c}’$-type $(8, 0,0)$ $DS_{\mathrm{I}}(\Lambda)$ minimal $f\mathrm{c}’$-tyPe
$\pi(0, D_{3}^{+}; 1)$ -
24 $(\nu_{1}, \nu_{2})$
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Theorem 8.3. ([redbook, Theorem 15.10]) $\pi(n, D_{\eta}^{+}; \nu)$ – Langlands
$J_{P}(ll, D_{m}+ ; \nu)$ $\pi(n, D_{n1}^{+} ; \nu)$ minimal K-type Langlands $J_{p(;}n,$$D_{m}^{+}\nu$ )
ininimal $I\mathrm{i}$ -typ$’$ e – minimal $I_{1}’$-type 1
\S II.5. “ $\pi(0, D_{\mathit{3}}^{+}; 0)$ ”
REMARK. Beilillson-Bernstein standard ( Harish-Chandra )
minimal $I\mathrm{i}^{r}$-type. [Challg] minimal
$I_{1}’$-tyPe special $K$ type
Proposition 8.4. $(\mathrm{K}\mathrm{n}\mathrm{a}\mathrm{p}\mathrm{P}^{-\mathrm{s}}\mathrm{p}\mathrm{e}\mathrm{h})$ $n\equiv m$ (mod 2) $|n|\neq n\tau$ $\pi(n, D_{m}^{+}; \iota\ovalbox{\tt\small REJECT})$
minim] $I_{\mathrm{t}^{-}-}\mathrm{t}\mathrm{y}\mathrm{P}\mathrm{e}$ 2
$\pi$ ( $n,$ $D_{??}^{+},$ ; O) - minimal $I\mathrm{i}$’-type
minimal K-type 2 $\pi(n, D_{m}^{+} ; \iota\ovalbox{\tt\small REJECT})$
Example 85. $ll\equiv/n$ (mod 2) $\uparrow$ : $n>0$ $\pi(n, D_{m}^{+}, \nu)$
(7) minimal $I\iota^{r}$-type Gf
$(\uparrow l’, \mu 1, \mu_{2})=(m+\mathit{2},$ $\frac{m-n}{\mathit{2}},$ $\frac{l?l+ll}{2}),$ $(m+4,$ $\frac{m-n}{2}-1,$ $\frac{m+n}{2}-1)$
$P_{\mathrm{m}}$ $\pi((\kappa, n);\nu)$ $(\kappa\in\{\pm 1\},$ $n\in \mathbb{Z},$ $\mathfrak{l}\text{ }\in$
$\mathbb{C}^{2})$ K-type
Lemma 86. $I_{1}’$ $n’\otimes\tau_{\mu_{1}}\otimes\tau_{\mu_{2}}$ $\pi((\kappa, \uparrow);\nu)$ $I_{1-}’\mathrm{t}\mathrm{y}\mathrm{P}^{\mathrm{e}}$
$\exists\iota \text{ _{}j}\in \mathrm{w}^{\tau}\mathrm{e}.\mathrm{i}\mathrm{g}\mathrm{h}\mathrm{t}(\mathcal{T}_{\mu}j)$
$\nu_{1}+\nu_{2}=n$ , $(-1)^{\nu_{1}}\sqrt{-1}n’+\nu_{1}+\nu_{2}=h$
25
$l^{\iota_{1}+_{l^{l}}\geq}\mathit{2}|n|$ , $\sqrt{-1}^{n+n’}=(-1)^{\mu}1\kappa$ .
PROOF. $P_{\mathrm{m}}=\Lambda’I_{\ln \mathrm{m}}\mathit{1}4\Lambda^{T_{\mathrm{n}\mathrm{u}}}$ Langlands (\S II.4. ) $I_{1^{\nearrow}}\cap M_{\mathrm{m}}=$
$lVI_{\mathrm{n}\mathrm{u}}$
$\omega\in\overline{I_{1}^{r}}$
$[(\kappa, \uparrow\tau) : \omega|_{M_{\mathrm{m}}}]$
$\omega$ $\pi((\kappa, \uparrow 1,);\nu)|_{Ii}$ $\omega=\uparrow\tau’\otimes\tau\mu 1\otimes\tau_{\mu\underline{\mathrm{o}}}$ $M_{\mathrm{n}1}=\{1, \gamma_{2}\}\mathrm{x}T$
$?l’ \otimes\tau\otimes\mu 1’\iota\underline{\circ}|\tau\{1,\gamma_{2}\}\chi\tau^{=}\nu_{1}\in \mathrm{w}\mathrm{e}\mathrm{i}\mathrm{g}\mathrm{h}\mathrm{t}(\tau\mu 1),\sum_{)\nu_{2}\in \mathrm{i}\mathrm{t}(_{\mathcal{T}}}\oplus(i^{n}\prime 1\mathrm{w}\mathrm{e}\mathrm{g}\mathrm{h}\mu 2(-i)^{\nu}1i^{\nu_{2}},$
$\nu+\nu_{2})$
25 weight $(\nu_{1}, \nu_{2})$ - 2
26
$i=\sqrt{-1}$ – $\{1, \gamma_{2}\}^{\wedge}$
$\gamma_{2}=\cdot$ $\in K$
\nu 1 $=$
$l^{l_{1^{-}}}2j_{1}$ $(0\leq j_{1}\leq l^{\iota_{1}})$




fu $\rho$ 27 Langlands
parameter minimal $I\mathrm{i}$ -tyP$’$ e
revised Langlands classification (Theorem 15.)
(a) $D_{\mathrm{X}}(\Lambda)$ (X $=\mathrm{I}-\mathrm{V}\mathrm{I}$ )
$(|_{1)})$ $\pi((\uparrow l, D^{\pm}m);\nu)$ $({\rm Re}\nu\geq 0)$
(c) $\pi((\kappa, \uparrow l);\nu)$ $({\rm Re}\nu_{1}\geq{\rm Re}\nu_{2}\geq 0)$
(a) $\rho=(4,3,2,1)$ 28
$DS_{\mathrm{I}}(4,3,2,1)$ , $DS_{\mathrm{I}\mathrm{I}}(4,2,3,1)$ , $DS_{\mathrm{I}\mathrm{I}\mathrm{I}}(4,1,3,2)$ ,










$i^{n+n’}.=\pm.\perp$ $n.+n’.\equiv 0$ $($mod $2)_{\text{ }}$ $n’\equiv\mu_{1}+\mu_{2}$ (mod 2)
27
$\rho$ $\rho$
28 $\rho=1/2(3,1, -1, -3)$ $\rho$ 5/2
27
(b) $P$ $\pi((\uparrow, D_{m}\pm);\nu)$ $({\rm Re}\nu\geq 0)$
$\rho$ 12 ${\rm Re}\nu>0$ revised version
Langlands $J_{P}((n, D_{m}\pm))\nu)$
$J_{P}((\uparrow?,, D_{n}^{\pm}.)?;\nu)$ millinlal $I\mathrm{i}^{r}$-tyPe $\pi((n, D_{?l},\pm);\nu)$ – (Theorem
8.3.)
minimal $\mathrm{K}$-type $K$-length $J_{P}$ unitary
$\pi((0, D^{\pm}1);3)$ $(\pm 4)\otimes\tau 0^{\otimes\tau_{0}}$ 32 $\cross$
$\pi((\pm \mathit{2}, D^{\pm}2);2)$ $(\pm 4)\otimes\tau_{0}\otimes\tau_{2}$ 56 unitary
$\pi((\mp 2, D_{2}\pm);2)$ $(\pm 4)\otimes\tau_{\mathit{2}}\otimes\tau_{0}$ 56 unitary
$\pi((0, D^{\pm}\mathit{3});1)$ $(\pm 6)\otimes\tau_{1}\otimes\tau_{1}$ 72 unitary
$\pi((\pm 4, D_{1}\pm);1)$ $(\pm 2)\otimes\tau_{1}\otimes\tau_{3}$ 72 unitary
$\pi((\mp 4, D1\pm);1)$ $(\pm 2)\otimes\tau_{3}\otimes\tau_{1}$ 72 unitary
$-$ ( $\pi(\cdots)$ $J_{P}(\cdots)$ )
– minimal $Ii\overline{-\prime \mathrm{t}\mathrm{y}1)\mathrm{e}\text{ _{ }}([\mathrm{I}\mathrm{t}\prime}\mathrm{a}\mathrm{n}\mathrm{p}\mathrm{P}$-Speh, \S 3.2. $\mathrm{a}$] 29)
[ $\mathrm{I}\backslash \mathrm{n}\mathrm{a}\mathrm{p}\mathrm{p}\vee$ -Speh]
. (c) $P_{\iota \mathrm{n}}$ $\pi((\kappa, n);\nu)$ $({\rm Re}\nu_{1}\geq{\rm Re}\nu_{2}\geq 0)$
$\rho$
$\pi((\prime \mathrm{i},, \mathrm{o});(3,1))$ , $\pi((\kappa, \pm 2);(\mathit{2},2))$ , $\pi((\kappa, \pm 4);(1,1))$ $(f_{\mathrm{t}}’\in\{\pm 1\})$
10 $\pi((\kappa, 2);(\mathit{2},\mathit{2}))$ $\pi((\kappa, -2);(\mathit{2},2))$
$\pi((t\mathrm{i}’, \pm 4);(1,1))$ 6
$\pi((-, 0))(3,1))$ 2
millimal $I\mathrm{i}- \mathrm{t}\mathrm{y}\mathrm{P}\mathrm{e}$’ $\pi((-\overline{\mathit{2})\cdot,(\mathit{2},\mathit{2}))\text{ }\pi((-,4);(1,1))\text{ }},$ 4 IniniInal
$I_{1- \mathrm{t}}’\mathrm{y}\mathrm{P}^{\mathrm{e}}$ – minimal K-type ([$\mathrm{K}\mathrm{n}\mathrm{a}_{1}\mathrm{J}\mathrm{P}$ -Speh,
\S 3.3.a] )
minimal $I\mathrm{i}’- \mathrm{t}\mathrm{y}\mathrm{P}\mathrm{e}$ $I_{1^{\nearrow}}$-length J unitary
$\pi((+, 0);(3,1))$ $0\otimes\tau_{0}\otimes\tau_{0}$ 16 unitary
$\pi((-, \mathrm{o});(3,1))$ $(\pm 2)\otimes\tau_{\mathit{0}^{\otimes\tau}}\mathit{0}$ 20 $\cross$
$\pi((+, 2);(2,2))$ $0\otimes\tau_{1}\otimes \mathcal{T}1$ 36 $\cross$
$\pi((-, 2);(2,\mathit{2}))$ $(\pm 2)\otimes \mathcal{T}_{1}\otimes\tau_{1}$ 40 $\cross$
$0\otimes\tau 0\otimes\tau 2$
$0\otimes\tau_{2}\otimes \mathcal{T}0$
$\pi((+, 4);(1,1))$ $0\otimes\tau_{2}\otimes \mathcal{T}2$
$6864$ $\mathrm{u}\mathrm{n}\mathrm{i}\mathrm{t}\mathrm{a}\mathrm{r}\mathrm{y}\cross$




$J_{P_{\mathrm{m}}}$ $((+, 0);(3,1))$ $G$ $\pi((-, 4);(1,1))$
29] $D_{m}^{\pm}$ paralmeter $1\mathrm{I}C\mathrm{n}\mathrm{a}\mathrm{p}\mathrm{P}-\mathrm{s}_{\mathrm{P}}\mathrm{e}\mathrm{h}$] $D_{k}^{\pm}$ (Blattner








$\pi((0, D_{3}+);1)$ I, II
$\pi((0, D_{3}^{-});1)$ V, VI
$\pi((\pm 2, D_{\underline{)}}^{+}.);\mathit{2})$ II
$\pi((\pm 2,$ $D_{2}^{-);2)}$ V
$\pi((4, D^{+}1);1)$ II, IV
$\pi((4, D_{1}^{-});1)$ III, V
$\pi((-4, D_{1}+);1)$ II, III
$\pi((-4,$ $D_{1}^{-);1)}$ V, IV
$\pi((+, 0);(3,1))$ II, V




$\pi((+, 0);(3, -1))$ II, III, IV, V
$SU(1,1)\simeq SL(\mathit{2},\mathbb{R})$
$\pi((0, D^{\pm}1);3)$ – $\pi((+, 0);(3,1))$
$\pi((2, D_{2}^{\pm});2)$ $\mathrm{c}arrow$ $\pi((-, 2);(2,2))$
$\pi((4, D^{\pm}1);1)$ $rightarrow$ $\pi((+, 4);(1,1))$
$DS_{\mathrm{X}}$
29
Lie standard – 30 –
1. standard ( $\mathrm{L}\mathrm{a}\mathrm{n}\mathrm{g}\mathrm{l}\mathrm{a}\mathrm{l}\mathrm{l}\mathrm{d}\mathrm{S}- \mathrm{K}\mathrm{n}\mathrm{a}\mathrm{p}\mathrm{p}-\mathrm{z}\mathrm{u}\mathrm{c}\mathrm{l}\sigma \mathrm{e}\mathrm{r}\mathrm{m}\mathrm{a}\mathrm{n}$ , Vogan-Zuckerman,
Beilinson-Bernstein )
2. $SU(2,2),$ $sp(2, \mathbb{R})$ ( )
1
2 ( ) 12
$G$ $K\subset G$
$P=MA\Lambda^{\gamma}$ Langlands $P$
j $=\not\in\oplus \mathfrak{p}$ Cartan
$\mathfrak{p}$
$P$ $-$ $X$ $G_{\mathbb{C}}$’
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